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. 1 

TABLES OF DEFLECTION AND MOMENT COEFFICIENTS FOR 

THE STEADY-STATE VIBRATION OF UNIFORM BARS 

by 

A. S. Veletsos and H. M. Newmark 

ABSTRACT 

Tabulated in this report are numerical values for 

the following quantitiess  (a) coefficients of steady-state 

deflection for a uniform "bar, fixed at one end and subjected 

to a harmonically varying deflection without rotation at the 

other end, and (b) coefficients of steady-state bending 

moment for a uniform bar, simply supported at both ends and 

subjected to a harmonically varying bending moment or deflection 

at one end. These quantities, together with those presented in 

a previous report (1) , are intended to facilitate the determi- 

nation of the steady-state response and of the natural modes of 

bending vibration of continuous beams and frame?• 

INTRODUCTION 

In a previous report (l) a numerical method was presented for 

the calculation of the undamped natural frequencies of flexural vibration 

of continuous beams and frames.  In Appendix C of that report, this method 

was also applied to the analysis of the steady-state vibration of continuous 

structures acted upon by harmonically varying forces, such as those re- 

sulting from rotating machinery. For a given frequency of vibration, one 

determines with this method the magnitude of the Reflections and rotations 

* Numbers in parentheses, unless otherwise identified, refer to the 
corresponding items in the Bibliography. 
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at the join is of the structure.  If, in addition, one desires to determine 

the corresponding internal bending moments and shears, and the "bending 

moments, shears, rotations and deflections at points between the joints, 

he must calculate them from the end displacements. 

The steady-state bending moments and steady-state shears at 

the ends of a member can be calculated quite readily with the aid of 

the stiffness and the carry-over factors tabulated in reference (l). 

However, with the information available (l), (2) the deflections, 

rotations, shears and bending moments at points between joints cannot, 

in general, be obtained as readily. It is the purpose of this report 

to supplement the available information by providing data which can 

be used to facilitate the determination of the steady-state deflections 

and steady-state bending moments along the length of the members composing 

the structure. 

It is proposed that the steady-state deflection at an interior 

point of a bar be determined by adding the deflections due to (a) the 

end rotations and (b) the end deflections; in each case, it is assumed 

that the bar is fixed at one end and subjected to the said displacement 

at the other end. It is further proposed that the bending moment at 

an interior point of a bar be determined by adding the bending moments 

due to (a) the end moments and (b) the end deflections, assuming, in 

each case, that the member is hinged at its ends. 

Tabulated in this report are numerical values for the following 

quantitiesz     (a) coefficients of steady-state deflection for a uniform 

bar, fixed at one end and subjected to a harmonically varying deflection 

without rotation at the other end, and (b) coefficients of steady-state 

->.-  - '- 



bending moment for a uniform bar, simply supported at both ends and 

subjected to a harmonically varying bending moment or deflection at one 

end. Coefficients of steady-state deflection for a uniform bar fixed at 

one end and subjected to a harmonically varying end rotation without 

deflection have already been presented in reference (l). 

SIGN CONVENTION AND .CHARACTERISTICS OP BARS CONSIDERED 

Downward deflections are taken as positive. Bending moments 

are taken as positive when producing compression in the upper fibers 

of the bar. 

The bars considered are assumed to be elastic and of uniform 

mass and cross section. The effects of damping, shear distortion, and 

rotatory inertia are neglected. 

PRESENTATION OF RESULTS 

Consider first a bar fixed at one end and subjected; at the 

other end, to a harmonically varying deflection without rotation, as 

shown in Fig. 1. Let the end deflection be represented by 

5(t) = 5 cos cut , (l) 
o 

where 8 ifi the amplitude of the deflection and ao is its circular 

frequency. It is desired to determine the distribution of the steady- 

state deflection along the length of the bar 

The steady-state deflection of the bar at a distance x 

from the deflected end may conveniently be expressed as 

y(x,t) = Cg6ccos cot ,        (2) 

• 



where C_ is a numerical coefficient to "be discussed later. 
o 

Consider next the simply-supported har shown in Fig. 2. Let 

one of its ends he subjected to a harmonically varying bending moment 

M(t) = MQcos cot , (3) 

where M ie the easplit-ode of the moment and o> ia Its circular frequency. 

In this case, it is desired to determine the distribution of steady- 

state "bending moment along the length of the bar. 

The steady-state b nding moment in the bar at a distance 

x, measured from the end where the exciting moment is applied, may be 

written as 

M(x,t) » CJJ MQcos cut ,        (k) 

where, as before, the quantity CM is a numerical coefficient. 

Consider finally that the simply-supported bar is subjected to 

a harmonically varying end deflection, instead of an end moment, as shown 

in Fig. 3« Let the end deflection be represented by Eq.. (l). Then, 

the steady-state bending moment at a distance x from the deflected end 

may be expressed as 

M(x,t) = Cg £§ BQv  <nt .      (5) 
L 

t      i 

The coefficients Cft, C„ and Ce in Eqs. (2), (4) and (5) are 
o  M      o 

dimensionless. The pertinent expression for Cc has been given in o 

Appendix B of reference (l), whereas the expressions for C., and C- 

have been presented by Hohenemeer and Prager (2). From these expressions, 

which for convenience are assembled in the next section, it can be seen 

that CR, C,, and C-. depend (a) on the dimensionless position coordinate 



x/L, and (b) on the dimensionles? parameter 

2 ma 
El L , (6) 

in which m • the mass per unit of length of the bar, 

00 • the circular frequency of vibration, 

E = the modulus of elasticity of the material in the bar, 

1 = the moment of inertia of the bar cross section about 

its centroidal axis, and 

L = the span .Length of the bar. 

i     i 

Numerical values of CL, C., and C-, for successive twelfth o  M    6 

points of a uniform bar, are given in Tables I, II, and III, respectively. 

They are presented for a range of frequencies from zero to a frequency 

corresponding to the third natural frequency of a fixed ended bar. All 

values are reported to five significant figures, but to no more than 

six decimal places. These quantities have been evaluated on the Electronic 

Digital Computer of the University of Illinois, and they are accurate to 

the number of figures reported. 

It can readily be shown that Mailer-Breslau's principle of 

influence lines is valid for dynamical systems undergoing steady-state 

forced vibration. Accordingly, the deflection coefficients given in 

Table I represent also ordinates of influence lines for steady-state, 

dynamic, fixed-end shear. 

I 
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FORMULAS FOR Cg, Cy and Cft 

_, it 
with | • x/L, the expressions for Cc, C„ and C_ are cc follovs: OH      O 

x       [[cosh X - cos X] [cosh (l-t)X - cos (l-5)*3 
C8 * 2X(1 - cosh XcoTTy^- [s-Jjih X + sin X] [sinh (l-l)X - sin (l-|)X] 

c = f£" l&dLl  + sinh X(3-$) UM    2sin X  +  2sinh X 

1    2 c6 = x
2 sin X(i-|)  sinh X(l-Q 1 

PRin \   "   Ps«nh \ 2sinh X 
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